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We show that if  is a finitely presented normal subgroup of a product G G1 2
of Fuchsian groups which projects nontrivially to each factor, then  has finite
index in G G . The proof uses the author’s previous reduction of the descrip-1 2
tion of normal subdirect products to the abelian case and an unpublished result of
N. C. Carr on the rigidity of normal subdirect products of diagonal rank one.
 2000 Academic Press
INTRODUCTION
 In their paper 1 , Baumslag and Roseblade establish a number of facts
about the subgroup structure of a direct product F  F of free groupsm m1 2
of finite rank m  2. In particular, they prove that a finitely presentedi
subgroup which projects nontrivially to each factor is commensurable with
a direct product of free groups of finite rank. They also show that a direct
product of free groups of finite rank contains continuously many non-iso-
morphic finitely generated subgroups, so that the above result does not
extend to finitely generated subgroups.
It is natural to ask whether the BaumslagRoseblade theorem extends
to finitely presented subgroups of a direct product of two Fuchsian groups.
In this paper, we answer this question for normal subgroups:
1We thank the referee for his careful reading of the paper and for some helpful
suggestions on notation.
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THEOREM A. Let  be a finitely presented normal subgroup of a product
G G of Fuchsian groups; then either1 2
Ž .i  has finite index in G G , or1 2
Ž .ii  is contained, with finite index, in one of the factors.
Our starting point is a result proved by Nigel Carr in the final chapter of
 his unpublished thesis 2 , where he investigated the problem of normal
subgroups of a direct product    of surface groups. Carr observed1 2
that normal subdirect products of diagonal rank one in    which are1 2
Ž .maximal in their commensurability class are all equivalent under Aut 1
Ž .Aut  ; the existence of a particularly tractable model allows us to2
conclude the following by straightforward geometric arguments:
THEOREM B. Let G , G be torsion free Fuchsian groups, and let G1 2 1
G be a normal subdirect product of diagonal rank one which is maximal2
in its commensurability class. Then  is not finitely presented.
Ž .In general, if  k G G is a maximal normal subdirect product of1 2
diagonal rank k 2, then we show there exists a maximal normal subdi-
Ž . Ž . Ž .rect product  1 of diagonal rank one such that  k   1 . Moreover,
Ž . Ž . 1  k is free abelian of rank k 1. From the existence of a group
extension of the form
1  k   1  Z k1 0Ž . Ž .
Ž .we conclude that  k is not finitely presented, and Theorem A follows by
an easy argument. This somewhat oblique approach has the advantage of
concentrating the computation of two dimensional homology in the single
Ž .transparent case of  1 , and avoids having to apply spectral sequence
 arguments directly to the infinitude 7 of models of maximal subdirect
products of diagonal rank 2.
The paper is organised as follows. In Section 1, we review skew symmet-
ric bilinear forms over Z and establish the essential point behind Carr’s
observation. In Section 2, we recall the basic facts about subdirect prod-
ucts, particularly subdirect products of free abelian groups. In Section 3,
we concentrate on subdirect products of torsion free Fuchsian groups, and
in particular, the relationship between Fuchsian groups and skew symmet-
ric bilinear forms over Z. Theorem B is proved in Section 4. Finally, in
Section 5, we collect our arguments together to prove Theorem A.
1. SKEW SYMMETRIC BILINEAR FORMS OVER Z
We recall briefly the classification of skew bilinear forms over Z; denote
Ž .by Skew the category in which the objects are pairs A,  where A is a
free abelian group of finite rank and  : A A Z is a skew symmetric
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Ž . Ž .bilinear form, and where a morphism f : A ,   A ,  is a group1 1 2 2
Ž Ž . Ž .. Ž .homomorphism f : A  A such that  f x , f y   x, y for all1 2 2 1
x, y	 A . Coproducts in Skew are given by perpendicular sum, defined in1
the usual way,
A ,  
 A,   A A, 
  ,Ž . Ž . Ž .
where

  x , x , y , y   x , y   x, y .Ž . Ž . Ž . Ž . Ž .Ž .
ˆŽ . Ž .A form A, B gives rise to a homomorphism  : A A*Hom A, ZZ
ˆ ˆŽ .Ž . Ž . Ž .by means of  x y   x, y . A,  is called nonsingular when  is an
isomorphism, nondegenerate provided  is injective, and totally isotropic
ˆwhen  is identically zero.
Ž .Nonsingular forms of a given necessarily even rank 2 g are distin-
guished by the possession of a symplectic basis, that is, a basis
 4 Ž . Ž .e , . . . , e , f , . . . , f such that  e , e   f , f  0 for all i, j, and1 g 1 g i j i j
Ž . e , f   . Any two nonsingular forms of the same rank are isomor-i j i j
phic, and we compare all nonsingular forms of a given rank to the standard
² : 2 gnonsingular form , on Z given by
g
² :x , y  x y  x y .Ž .Ý i gi gi i
i1
Ž ² :.The group of automorphisms of the skew bilinear form A, , is denoted
Ž ² :. Ž 2 g ² :.by Sp A, , ; in the case of the standard form Z , , , with aZ
preferred symplectic basis, it is usual to denote the automorphism group
Ž . Ž .by Sp Z . In matrix terms, Sp Z consists of 2 g 2 g integral matrices2 g 2 g
X such that X.. X t where
0 Ig
 I 0ž /g
is the matrix representing the standard form. A general skew bilinear form
Ž .A A,  decomposes as a perpendicular direct sum
A A 
 rad A ,Ž .nd
Ž .where A is nondegenerate, and rad A is totally isotropic. Moreover,nd
each nondegenerate form decomposes up to isomorphism as a perpendicu-
lar sum
H m 
 H m 
 . . .
 H m ,Ž . Ž . Ž .1 2 h
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Ž .where H m is the skew bilinear form of rank 2 defined by the matrix
0 m ,ž /m 0
Ž . Ž .and m m if i h. In particular, rk A is even if A,  is nondegen-i i1 Z
erate.
The following is straightforward:
² :PROPOSITION 1.1. Let , : A A Z be a nonsingular skew symmetric
form where A is a free abelian group of finite rank 2 g, and let 	 A be a
Ž .nonzero element such that the quotient A  is torsion free. Then there exists
 4 Ž ² :.a symplectic basis  , 	 for A, , such that    .i i 1 i g g
The proof of the following dual statement is more complicated, and we
include the details for the sake of completeness:
PROPOSITION 1.2. Let A be a free abelian group of finite rank 2 g, let
² :, : A A Z be a nonsingular skew symmetric form, and let B A be a
 4subgroup such that AB Z. Then there exists a symplectic basis  , 	i i 1 i g
Ž ² :.  4for A, , such that  , 	 , . . . ,  is a basis for B.1 1 g
Proof. On general groups, B splits as a perpendicular sum
² : ² : ² :B , ,  B , , 
 . . .
 B , , 
 rad B ,Ž . Ž .Ž . Ž .1 g1
Ž ² :. Ž .where B , ,  H m for some positive integer m . Let  be a genera-i i i
Ž .tor of the rank one subgroup rad B ; since both ends of the exact
sequence
0 Brad B  Arad B  AB 0Ž . Ž .
Ž . Ž .are torsion free, it follows that Arad B  A  is also torsion free. By
Ž .  41.1 , there exists a symplectic basis e , . . . , e , f , . . . , f for A such that1 g 1 g
² :e   . In particular, there exists 	 f such that  , 	  1.g g
 4For each i, 1 i g 1, let  , 	 be a basis for B such thati i i
² :  4 , 	 m . Clearly  , 	 , . . . ,  , 	 ,  is a basis for B. Further-i i i 1 1 g1 g1
Ž . ² :more, since  generates rad B , and  , 	  1, then AB Z is gener-
ated by the image of 	 under the canonical map A AB. Thus
 4 , 	 , . . . ,  , 	 ,  , 	 is a basis for A. Put1 1 g1 g1
  g
g1² : g1² :	  	  	 , 	     , 	 	g i1 i i i1 i i
 4 Ž ² :. Ž .and B  span  , 	 . Then B , ,  H 1 andg g g g
² :A , ,  H m 
 . . .
 H m 
 H 1 .Ž . Ž . Ž . Ž .1 g1
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Ž ² :.However, A, , is nonsingular, so that m m  . . .m  1,1 2 g1
 4and  , 	 , . . . ,  , 	 ,  , 	 is the required symplectic basis.1 1 g1 g1 g g
Carr used the above to conclude that any two maximal corank 1
Ž ² :. Ž ² :.subgroups of A, , are equivalent under Sp A, , ; more generally,Z
we have:
PROPOSITION 1.3. Let A be a free abelian group of finite rank, and let
B , B  A be subgroups such that AB  AB  Z. Then1 2 1 2
Ž . Ž . Ž .i there exists an automorphism 
	GL A such that 
 B  B ;Z 1 2
furthermore,
Ž . ² :ii if A supports a nonsingular skew symmetric form , : A A Z,
ŽŽ ² :..then we may choose the automorphism 
 to belong to Sp A, , .Z
Ž .In either case, if  : AB  Z is an isomorphism then the sign 1 ofi i
 
1 : Z Z can be specified in adance.2 1
2. SUBDIRECT PRODUCTS
Ž .By a product structure on a group G we mean a triple G G , G , 1 2
where G , G are groups and  : GG G is an isomorphism; a1 2 1 2
subdirect product of G is then a subgroup H of G such that   : HGi i
is surjective i 1, 2 where  : G G G is the projection. We shalli 1 2 i
mainly be concerned with normal subdirect products; that is, when addition-
Ž .ally H is a normal subgroup of G. We denote by N G , G ,  the set of1 2
Žˆ .normal subdirect products in G, and by N G the set of commensurability
Ž .classes of normal subdirect products in G. When G G , G , Id , we1 2 G
ˆ ˆŽ . Ž .write N G N G , G .1 2
The classification of normal subdirect products is reducible to the case
  Ž .of abelian subdirect products 6 ; to any product structure G G , G , 1 2
ab Ž ab ab ab.on G we may associate its abelianisation G  G , G ,  , which is a1 2
ab  Ž .product structure on G . The basic result 6, Proposition 1.2 is then:
ˆ ˆ abŽ . Ž . Ž .2.1 Abelianisation induces a bijective mapping N G N G for
any product structure G.
Ž .If H, K are normal subdirect products in G , G ,  then so also is1 2
Ž .H.K. It follows from 2.1 that when G , G are finitely generated, each1 2
Ž .commensurability class of normal subdirect products in G , G ,  con-1 2
Žˆ .tains a unique maximal element, in which case N G may also refer to the
set of maximal normal subdirect products; throughout, ‘‘maximal’’ will
mean ‘‘maximal within a commensurability class.’’
We need only consider subdirect products in which the factors are free
Žˆ .abelian of finite rank. The sets N G are generally infinite; we impose a
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coarser finite classification by introducing an equivalence relation thus: if
Žˆ . Ž .H, K	N G , G write H K if and only if there exists 
 	Aut G1 2 i i
Ž .i 1, 2 such that
K 
  
 H .Ž . Ž .1 2
It is convenient to switch from the description of a group G as an external
direct product
GG G1 2
to that as an internal direct sum
 
GG G ,1 2
 
 4  4where G G  e , G  e G , and where e denotes ‘‘identity,’’ 0, or1 1 2 2
1 according to circumstance.
If
 2m m m m1 2 1N Z  Z  Z  Z
is a subdirect product, we shall write

m iN N Zi
Ž .for i 1, 2. We define the ‘‘diagonal rank’’  N by
  N  rk NN N .Ž . Z 1 2
Ž . N is invariant under and may take any value in the range 0 
 4  min m , m ; as we showed in 6 , it provides a complete classification of1 2
subdirect products in Z m1 Z m2 in the following sense:
ˆ m1 m2Ž .  4THEOREM 2.2. N Z , Z has exactly min m , m  1 equialence1 2
classes under corresponding to the possible alues of the diagonal rank.
It is convenient to give explicit models for subdirect products of a given
 4 mdiagonal rank. Thus if e , . . . , e is a Z-basis for Z and km, let1 m
T : Z m Z k denote the surjective homomorphismm , k
e , if i kiT e Ž .m , k i ½ 0, if k 1 i .
 4  If kmin m , m we denote by N m , m , k the fibre product1 2 1 2
  m1 m2N m , m , k  x , x 	 Z  Z : T x  T x .Ž . Ž . Ž . 41 2 1 2 m , k 1 m , k 21 2
It is straightforward to see that
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Ž .  2.3 N m , m , k is a maximal subdirect product of diagonal rank k in1 2
Z m1 Z m2.
Furthermore:
Ž .    4    2.4 N m , m , k N m , m , 1 and N m , m , 1 N m , m , k 1 2 1 2 1 2 1 2
Z k1.
Ž . Ž . Ž Ž ..By 2.2 , any maximal subdirect product N k with  N k  k in
m1 m2 Ž . Ž .Ž  .Z  Z has the form N k  
  
 N m , m , k . Clearly any1 2 1 2
subdirect product of given diagonal rank in Z m1 Z m2 has finite index in a
Ž .maximal subdirect product of the same diagonal rank; on taking N 1 
Ž .Ž  .
  
 N m , m , 1 , we see that:1 2 1 2
Ž . m1 m2PROPOSITION 2.5. Let N k  Z  Z be a subdirect product with
Ž Ž .. N k  k 1; then
Ž . Ž . m1 m2i there exists a maximal subdirect product N 1  Z  Z with
Ž Ž .. Ž . Ž . N 1  1 such that N k N 1 ; moreoer
Ž . Ž . Ž . k1ii N 1 N k  Z .
In Z Z there are just two subdirect products of diagonal rank 1,
namely the diagonal
D x , x : x	 Z 4Ž .
and the anti-diagonal
D x ,x : x	 Z . 4Ž .
Clearly DD by means of the isomorphism Id Id of Z Z. It is
straightforward to check that:
PROPOSITION 2.6. If N Z m1 Z m2 is a maximal subdirect product with
Ž . Ž .1Ž . Ž .1Ž . N  1, then either N q  q D or N q  q D1 2 1 2
m i Ž .where q : Z  Z is a surjectie homomorphism with Ker q N Ni i i
m i Z .
3. SUBDIRECT PRODUCTS OF FUCHSIAN GROUPS
By a Fuchsian group, we mean a discrete subgroup of finite covolume in
( )  PSL R . We recall the following basic facts 3, 8 ;2
Ž .i Every Fuchsian group is finitely presented and contains a tor-
sion free subgroup of finite index.
Ž .ii A torsion free Fuchsian group is either free of rank 2, or else
the fundamental group  , of a closed orientable surface of genus g 2,g
taken in its usual presentation
g
1 1² :  X , . . . , X : X X X X .Łg 1 2 g 2 i1 2 i 2 i1 2 i
i1
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Ž . abiii If  is a torsion free Fuchsian group then its abelianisation 
is a free abelian group of finite rank.
Ž .iv If N is a finitely generated normal subgroup of a Fuchsian
group G then N has finite index in G.
In particular:
Ž .v If G is a Fuchsian group then G has no nontrivial finite normal
subgroup.
In dealing with subdirect products of Fuchsian groups, we require a
relativatisation of the relation : let C , C be subcategories of Gps, the1 2
category of groups and homomorphisms. By a C C structure G1 2
Ž .G , G ,  , we mean an 2-fold product structure in which G 	C . If1 2 i i
Žˆ .H, K	N G , G we write H K if and only if there exist 
 	1 2 C C i1 2
Ž . Ž .Aut G i 1, 2 such thatC ii
K 
  
 H .Ž . Ž .1 2
In practice, the only subcategories of Gps employed, apart from Gps itself,
are:
Ab, the full subcategory of Gps whose objects are abelian groups.
Symp, the category of nonsingular skew-symmetric Z-bilinear forms
and symplectic homomorphisms.
Ž .For any orientable surface group  , we may identify H  ; Z with theg 1 g
abelianisation ab Z2 g, so that the original generators X are identifiedg i
with a symplectic basis for the nonsingular skew bilinear form
, : H  ; Z H  ; Z H  ; Z  ZŽ . Ž . Ž . Ž .1 g 1 g 0 g
dual to the cup product in integral cohomology
: H 1  ; Z H 1  ; Z H 2  ; Z  Z.Ž . Ž . Ž .g g g
Moreover, any orientation preserving automorphism of  induces ang
Ž .automorphism of the symplectic form on H  ; Z .1 g
PROPOSITION 3.1. Let H, K be maximal subdirect products in a direct
product of free abelian groups of een rank Z2 g1 Z2 g 2 , where g , g  1. If1 2
Ž . Ž . H   K  1 then H K.SympSymp

2 g iProof. We adhere to the notation of Section 2, writing H H Zi
2 g i Ž .and K  K Z . Under the canonical isomorphism, H H H cor-i 1 2
responds to a maximal subdirect product of diagonal rank 1 in
 
2 g 2 g1 2Z H  Z H  Z Z.ž / ž /1 2
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ŽFirst consider the special case where K H for i 1, 2. Then K K i i 1
. Ž .K  K H H also corresponds to a maximal subdirect product of2 1 2
diagonal rank 1 in
 
2 g 2 g1 2Z H  Z H  Z Z.ž / ž /1 2
Ž .It follows from 2.6 that either H K or else one of H, K is the inverse
image of the ‘‘diagonal’’ and the other of the ‘‘antidiagonal.’’ In the latter
Ž .case, by the sign clause of 1.3 , we may choose a symplectic automorphism
2 g1 Ž .Ž .
 of Z so that 
  1 K H. In the general case, we have only that1 1
rk H  rk K  2 g  1Ž . Ž .Z i Z i i
and, since H, K are both maximal,
 
2 g 2 gi iZ H  Z K  Z.i i
Ž . 2 g i 2 g iIt follows by 1.3 that there exist symplectic automorphisms 
 : Z  Zi
Ž .such that 
 K H for i 1, 2. This reduces the general case to thei i
special case already treated and completes the proof.
Ž . Ž .Similarly, we may prove both 3.2 and 3.3 below:
PROPOSITION 3.2. Let H, K be maximal subdirect products in a direct
2 g h Ž . Ž .product of free abelian groups Z  Z , in which g, h 1. If  H   K
 1 then H K.SympAb
PROPOSITION 3.3. Let H, K be maximal subdirect products in a direct
m1 m2 Ž .product of free abelian groups Z  Z , where m , m  1. If  H 1 2
Ž . K  1 then H K.AbAb
Ž .From the abelianisation theorem 2.1 , and the corresponding result for
Ž .abelian subdirect products 2.5 , we obtain:
Ž .PROPOSITION 3.4. Let  k be a maximal normal subdirect product with
Ž Ž ..  k  k 1 in a direct product of torsion free Fuchsian groups. Then
Ž . Ž . Ž Ž .. k is contained in a maximal normal subdirect product  1 with   1
Ž . Ž . k1 1; moreoer,  1  k  Z .
 We prove Carr’s Theorem 2 in the following formulation:
Ž .THEOREM 3.5 Carr . Let ,  be maximal normal subdirect products in
Ž . Ž .a direct product of torsion free Fuchsian groups. If       1 then
 .
Proof. Put H  ab, K ab so that H, K are maximal subdirect
products in the abelianised direct product Z2 g1 Z2 g 2. Moreover, since 
Ž . Ž .is defined via abelianisation,  H   K  1.
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Ž . 2 g i 2 g iBy 3.1 there exist symplectic automorphisms 
 : Z  Z , such thati
Ž .Ž .   Ž  .
  
 K H. By a theorem of Nielsen 9 see also 5 , if g 2, any1 2
Ž . 2 gsymplectic automorphism 
 of H  ; Z  Z lifts to an orientation1 g
preserving automorphism 
 of  . Choosing such a lift 
 for 
 , we seeˆ ˆg i i
Ž .Ž 1Ž .. 1Ž .that 
  
  K   H , where  denotes the abelianisationˆ ˆ1 2
Ž . 1Ž .map. However, by the abelianisation theorem 2.1 ,   H and
1Ž .  K .
In the remaining two cases, either surface group factor may be replaced
by a free group of finite rank. The proofs are similar to the above, but
Ž . Ž . Ž .easier; 3.2 , 3.3 replace 3.1 and corresponding to Nielsen’s theorem, we
need only the further, and more elementary, observation that every auto-
morphism of a free abelian group of finite rank lifts to an automorphism
of the corresponding nonabelian free group. The case where both factors
 are free was done in 6 .
Ž .We should point out that 3.5 is only the finite part of Carr’s result; the
 infinite part is re-proved, with some elaboration, in 7 .
4. PROOF OF THEOREM B
Throughout this section,  g will denote an orientable surface of genus
g 2 and  its fundamental group, given in its standard presentationg
g
1 1² :  X , . . . , X : X X X X  1 .Łg 1 2 g 2 i1 2 i 2 i1 2 i
i1
Likewise, F g will denote the wedge of g copies of S1, and F will denoteg
its fundamental group, that is, the free group on generators Z , . . . , Z .1 g
We consider the homology of some covering spaces. For any integer
g 2, let 
 :   Z denote the homomorphism onto the additive groupg g
Ž . Ž .of integers given on generators by 
 X  1, 
 X  0 if 2 i 2 g.g 1 g i
Ž .Put K Ker 
 ; it follows by a straightforward application of theg g
ReidemeisterSchreier technique that K is a free group of infinite rank.g
Ž .Indeed, we may take it in the following explicit description. Let K g 
Ž .  4 Ž .Ker 
 denote the subgroup generated by X , . . . , X , so that K g isg 2 2 g
Ž .free of rank 2 g 1. For any integer m, let K g denote the conjugatem
Ž . m Ž . mK g  X K g X . Then:m 1 1
Ž .4.1 For g 2, K is the free productg
K   K g .Ž . mg
m	Z
 
g g gŽ . Ž .Let  denote the infinite covering surface of  with   Ker 
 .1 g
g abŽ . Ž .H  ; Z is isomorphic to K and by 4.1 has the following explicit1 g
description.
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Ž .Let A g denote the free abelian group of rank 2 g 1 on the basis
 4 Ž .X , . . . , X , and for each m	 Z, let A g denote an isomorphic copy2 2 g m
Ž .of A g . Then 
gŽ . Ž .4.2 For g 2, H  ; Z is a free abelian group1

gH  ; Z  A g .Ž .Ž .  m1
m	Z
Ž .Let  : F  Z denote the surjective homomorphism given by  Z  1;g g 1
g gŽ . Z  0 for i 2; let F denote the covering space of F with funda-i
Ž .mental group equal to Ker  . By a similar argument to the above,g
gŽ .H F ; Z is free abelian of infinite rank; we take it in the following model.1
Ž .Let B g denote the free abelian group of rank g 1 on the basis
 4 Ž .Z , . . . , Z , and for each m	 Z, let B g denote an isomorphic copy of2 g m
Ž .B g . Then 
gŽ . Ž .4.3 For g 2, H F ; Z is a free abelian group of infinite rank1

gH F ; Z  B g .Ž .Ž .  m1
m	Z

gŽ . Ž .The automorphism on H  ; Z  A g induced from the cov-m	Z m
ering translation by 	 Z corresponds to translation by the index ;
Ž . Ž .A g  A g and similarly for the automorphisms induced by transla-m m
gŽ . Ž .tions in H F ; Z  B g . We note that for g 1 our method1 m
m	Z
Ž . Ž . Ž .breaks down, since the appropriate analogues of 4.1 , 4.2 , 4.3 assert
that in each case the corresponding first homology group is no more than
finitely generated, being in fact isomorphic to Z.
We proceed to prove that if G , G are torsion free Fuchsian groups and1 2
Ž .G G is a normal subdirect product with    1 then  is not1 2
finitely presented. We fix integers g, h 2; there are three cases to
consider:
Case I. G   and G   ;1 g 2 h
Case II. G   and G  F ;1 g 2 h
Case III. G  F and G  F .1 g 2 h
Proof of Case I. We let     be a maximal normal subdirectg h
product of diagonal rank one. By Carr’s Theorem,  is unique up to a
product preserving automorphism, so it suffices to study  in the fibre
product model
    x , y 	    : 	 x   y ,Ž . Ž . Ž . 4g h g h
	 , 
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where 	  and  
 . Let C denote the covering space of  g hg h I
with fundamental group equal to   . We may construct an explicitg h
	 ,  
g hmodel for C as follows. On each of  , there is a natural coveringI
action by Z, giving a product action
  
2 g h g h
: Z         ,

g h 2Ž .and C may be identified with the quotient D     where D ZI
is the diagonal subgroup.
Ž .PROPOSITION 4.4. H C ; Z is a free abelian group of infinite rank.2 I

g hŽ .Proof. H    ; Z is isomorphic to the direct sum2
A g  A h ,Ž . Ž .Ž .n n 1 2
2Ž .n , n 	Z1 2
where, again, the covering translation by Z2 is effected by addition in the
indexing group Z2. Let Q Z2 denote a complete set of coset representa-
Ž .tives mod D. Then we may identify H C ; Z with the direct sum2 I
A g  A hŽ . Ž .Ž .n n 1 2
Ž .n , n 	Q1 2
which is clearly a free abelian group of infinite rank. It follows that  is
Ž .not finitely presented since C is an aspherical space with  C  , andI 1 I
Ž .H C ; Z is infinitely generated.2 I
Proof of Case II. We let    F be a maximal normal subdirectg h
Ž .product with    1. Again, by Carr’s theorem,  is unique up to an
automorphism of the product structure, so we may take  in the model,
  F ,g h
	 , 
where 	 
 and   . Let C denote the covering space of  g F hg h II
with fundamental group equal to  F . As above, there is a coveringg h
	 , 
action
  
2 g h g h
 : Z    F    F ,

g hŽ .and we identify C with the quotient D    F by the diagonalII
Ž .subgroup. As in 4.4 we obtain:
Ž . Ž .4.5 H C ;  is a free abelian group of infinite rank.2 II
Ž .Again   C cannot be finitely presented since C is an aspheri-1 II II
Ž .cal space in which H C ; Z is a free abelian group of infinite rank.2 II
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Proof of Case III. Case III already follows from the results of Baumslag
 and Roseblade 1 ; indeed, it can almost be deduced from the earlier paper
 of Grunewald 4 . There is a proof along the above lines on taking 	  ,g
 h
 F F ,g h
	 , 
and C to be the covering space of F g F h with fundamental groupIII
equal to . Following the previous two cases, C is an aspherical space inIII
Ž . Ž .which H C ; Z is infinitely generated, so that   C cannot be2 III 1 III
finitely presented. This completes the proof of Theorem B.
5. PROOF OF THEOREM A
Let G , G be Fuchsian groups, let p : G G G be the projection1 2 i 1 2 i
maps for i 1, 2, and let G G be a finitely presented normal1 2
subgroup. Let H G be a torsion free subgroup of finite index and puti i
Ž .   H H . Then  has finite index in , and so is also finitely0 1 2 0
presented. There are three cases to consider:
Ž . Ž .  4 Ž .Case A . p   1 . Then p  is a finite normal subgroup of G1 0 t 1
Ž .and so is trivial; thus  is contained in Ker p G . Moreover, since1 2
now  is a finitely generated normal subgroup of the Fuchsian group G2
then  has finite index in G .2
Ž . Ž .  4 Ž .Case B . p   1 . The argument is similar to that for A and2 0
concludes that  has finite index in G .1
Ž . Ž .  4Case C . p   1 for i 1, 2.i 0
Ž .Put P  p  ; P is a finitely generated subgroup of H , and so hasi i 0 i i
finite index in H , and hence also in G . Furthermore, P is torsion free;i i i
thus  is a finitely presented normal subdirect product in P  P , of0 1 2
Ž .torsion free Fuchsian groups. Put k   ; then  is contained with0 0
Ž . Ž Ž ..finite index in a maximal normal subdirect product  k with   k  k.
Ž . Ž .If k 1, then by 3.4 ,  k is contained in a maximal normal subdirect
Ž . Ž Ž .. Ž . Ž . k1product  1 with   1  1, and  1  k  Z . By Theorem B,
Ž . 1 is not finitely presented, and from the exact sequence
1  k   1  Z k1 0Ž . Ž .
Ž .it follows that  k is not finitely presented. However, since  has finite0
Ž .index in  k , it follows that  also is not finitely presented, which is a0
Ž .contradiction. Thus    0, so that  has finite index in P  P and0 0 1 2
hence in G G . Thus,  has finite index in G G , and this com-1 2 1 2
pletes the proof of Theorem A.
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